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Time and Observables in Covariant Quantum Theory
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1Peter the Great Saint Petersburg Polytechnic University,
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A modification of the covariant theory is proposed in which the self-energy of the system, cor-
responding to time-like degrees of freedom in the configuration space, preserves the classical law
of change in quantum theory. As a result, proper time in covariant quantum theory takes on a
dynamic meaning. As applications of the new formalism, a modification of the relativistic quantum
mechanics of a scalar particle and a homogeneous model of the universe is considered.
I. INTRODUCTION
In theories based on the principle of covariance, in-
cluding reparametrization of time, there is a problem
with the determination of this time after quantization.
Here we focus on the covariant approach to quantization
in which the Batalin-Fradkin-Vilkovysky theorem (BFV)
[1–3] and the concept of BRST invariance [4, 5] play the
central role. However, for a simplest covariant system
— a relativistic particle, the result of this formalism re-
duces to the well-known representation of the Feynman
propagator in the form of an integral over the particle’s
proper time [6]. This representation of the Green’s func-
tion for the Dirac and Klein-Gordon operators was first
introduced by Fock [7] and Schwinger [8] and is now
widely used for calculations [9]. The Feynman propa-
gator serves to solve the scattering problem in relativis-
tic quantum mechanics in the framework of perturbation
theory [10]. It should be expected that in the general
case the propagator contains a multiple integral over the
parameters of the system’s proper time (multi-arrow time
in the theory of gravity [11]), as well as over the remain-
ing parameters of the full symmetry group. In this paper,
a simplified version of the construction of a propagator
of covariant theory is proposed: the amplitude of the
transition is determined on the space of the symmetry
groupand then it is integrated over all group parameters.
Thus, proper time is also excluded from the dynamics.
To restore the dynamic meaning of proper time, based
on this integral representation of the covariant propaga-
tor, a modification of the covariant quantum theory is
proposed in this paper. The proposed modification can
be considered as an approximation in which certain dy-
namic variables (in each case it is clear which ones) are
limited by the classical laws of their motion. Its result is
precisely the removal of integration in proper time. For-
mally, the approximation is reduced to the linearization
of quadratic in momenta (Hamiltonian) constraints with
respect to the corresponding canonical momenta and the
appearance of δ-functions that remove integration over
proper time. Together with the time parameter in a mod-
ified theory, an observable is associated with it that has
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the physical meaning of the system’s own energy, corre-
sponding to time-like degrees of freedom in the configu-
ration space. As examples, the quantum mechanics of a
scalar relativistic particle and a homogeneous model of
the Friedman universe are considered.
In the section II, a simplified version of the covariant
quantum theory is formulated, which then will be the
basis for its modification. In the section III, we con-
sider a modification of relativistic quantum mechanics,
in which the x0 -coordinate of a particle in Minkowski
space serves as the evolution parameter, and the corre-
sponding observable is the particle’s own energy. In the
section IV, we consider a modified quantum theory of
the homogeneous Friedmann universe, in which the ra-
dius of the universe serves as the evolution parameter,
and the energy of space is the observable associated with
it. In this case, the pair of variables (the radius of the
universe and the energy of the space) can exchange their
roles (time and the observable). This result is consistent
with the proposal to consider space energy density as a
parameter of time in cosmology [12].
II. PARAMETERS OF THE SYMMETRY
GROUP AS DYNAMIC VARIABLES
We take the initial action of the covariant theory in
the canonical form [13]
I =
∫ 1
0
dτ
[
pk
·
qk − λaϕa
]
, (1)
where the Hamiltonian h (p, q) is set equal to zero. More-
over, in the set of constraints ϕa (p, q) we assume the
presence of quadratic in momenta (Hamiltonian) con-
straints, as is the case of a relativistic particle and cos-
mology that interest us. The constraints form a closed
Lie algebra with respect to the Poisson brackets,
{ϕa, ϕb} = Cabdϕd, (2)
where the structural ”constants” Cabd generally depend
on the canonical variables. In the theory of gravity, they
depend on the 3D metric [14]. Here, for simplicity, we
consider them to be constants. They obey Jacobi’s iden-
tity:
CbcdCadp − CabdCdcp − CacdCbdp = 0. (3)
2The action Eq. (1) is invariant with respect to gauge
transformations (εd (0) = εd (1) = 0),
δqk = εa {qk, ϕa} , δpk = εa {pk, ϕa} , (4)
provided that the Lagrange multipliers are converted as
follows:
δλa =
·
εa − Cbdaλbεd. (5)
We introduce the explicit dependence of the Lagrange
multipliers λa on the group parameters sa for which εa =
δsa are infinitesimal variations, and write the relation Eq.
(5) in the form of a functional differential equation
δλa (τ)
δsd (τ ′)
= δad
d
dτ
δ (τ − τ ′)− Cbdaλbδ (τ − τ ′) , (6)
which is supplemented by the initial condition λa (0) = 0.
The solution of Eq. (6) is linear with respect to the
velocities
·
sa:
λb =
·
saΛab, (7)
where the Teylor series of Λab in s up to the second order
is
Λab = δab − 1
2!
Cadbsd +
1
3!
Cad′b′Cb′dbsd′sd + .... (8)
Thus, the original coordinate set qk is supplemented with
group parameters sa that are now explicitly present in
the action:
I =
∫ 1
0
dτ
[
pk
·
qk −
·
sbΛba (s)ϕa
]
. (9)
It remains to write down the action Eq. (9) in canonical
form:
I =
∫ 1
0
dτ
[
pk
·
qk + Pa
·
sa − ηaΦa
]
, (10)
where
Φa = Pa + Λabϕb. (11)
A set of constraints obeys the simple algebra of Poisson
brackets
{Φa,Φb} = 0 (12)
at the condition
∂Λap
∂sq
− ∂Λsp
∂sa
+ ΛabΛqrCbrp = 0. (13)
The relation (13) holds in our case with the indicated
accuracy as a consequence of the Jacobi identity Eq. (3).
We quantize the theory based on the new canonical
form of the action Eq. (10). For the wave function
ψ (s, q), we obtain the system of wave equations
ih¯
∂ψ
∂sa
= Λab (s)ϕb (q, p̂)ψ, (14)
which have the form of an equation of evolution on the
space of a symmetry group. In our formulation, the co-
variance condition is that, since the group parameters sa
are unobservable, the solution of the system Eq. (14)
should be integrated over the entire range of their varia-
tion. So, in the presence of an abelian gauge subgroup,
the corresponding part of the equations of the system Eq.
(14) has the form
∂ψ
∂sa
=
∂ψ
∂qa
, (15)
where qa are (longitudinal) coordinates, on which the
wave function should not depend. According to Eq. (15),
the wave function depends on the sum qa + sa so that
integration over sa in the range from−∞ to +∞ excludes
the dependence on qa.
The group parameters corresponding to the Hamilto-
nian constraints have the meaning of the proper times
of the system. One should integrate over them within
the limits [0,+∞) [6]. It is these integrals that are the
subject of concern in our subsequent constructions, and
we will still refine this construction in the process of its
application.
III. MODIFIED PROPAGATOR FOR
RELATIVISTIC PARTICLE
We take the initial action of a relativistic particle in a
parameterized form (speed of light c = 1) in a form
I˜ =
∫ 1
0
dτ
1
4
 ·x20
N
−
·
x
2
i
N
+m2N + eϕ (x0, xi) ·x0
 ,
(16)
where the dot denotes the derivative with respect to the
parameter τ on its world line. Here we restrict ourselves
to the interaction with the electric field of strength Ei =
−∂iϕ. The Hamiltonian constraint
H = (p0 − eϕ)2 − p2i −m2 (17)
is quadratic in momenta. Our task in the future is to
remove the integration over the particle’s proper time
s =
∫ 1
0
dpiN (τ) (18)
in the Fock-Shwinger (FS) representation for the Feyn-
man propagator in an external electric field. We modify
the dynamics of the coordinate x0 of Minkowski space,
adding to the action (16) its variation generated by the
infinitesimal time shift of x0,
δx0 = −
·
x0
N
ε. (19)
3A new action,∫ 1
0
dτ
1
4
·
x
2
0
N
(
1−
·
ε
N
)
− 1
4
·
x
2
i
N
+m2N
+eϕ
·
x0 + e∂iϕ
·
x0
·
xi
N
ε
]
, (20)
contains the time shift ε as an independent variable. To
go to the canonical form of the modified theory, we find
the canonical momenta,
p0 =
1
2
·
x0
N
(
1−
·
ε
N
)
+ eϕ+ e∂iϕ
·
xi
N
ε, (21)
pi = −1
2
·
xi
N
+ e∂iϕ
·
x0
N
ε, (22)
− Pε = −1
4
·
x
2
0
N2
, (23)
and a modified Hamiltonian,
h˜=N
[
2
√
Pε (p0−eϕ)−
(
pi + 2e∂iϕε
√
Pε
)2
−Pε−m2
]
.
(24)
The Hamiltonian function is linear in the momentum p0.
The pair of canonical variables (ε, Pε) appears and ε will
be considered as the canonical momentum. The canoni-
cal coordinate Pε has the physical meaning of the parti-
cle’s own energy. After the replacement
p˜i = pi + 2e∂iϕε
√
Pε, (25)
the canonical form of the modified action takes the form
I˜ =
∫ s
0
ds
[
p˜i
·
xi + p0
·
x0 − ε
(
·
P ε + 2e∂iϕ
·
x0
√
Pε
)
− H˜
]
,
(26)
where,
H˜ = 2
√
Pε (p0 − eϕ)− p˜2i − Pε −m2. (27)
Here we proceed to the parametrization of the world line
of the particle with its proper time Eq. (18). The follow-
ing dynamic constraint is also added to the action Eq.
(26):
·
P ε + 2e∂iϕ
·
xi
√
Pε = 0, (28)
which represents the classical law of particle energy
change in an external electric field, and the momentum
ε plays the role of the Lagrange multiplier.
In the formal representation of the modified propaga-
tor for a particle as a functional integral on the phase
space,
K˜ =
∫
∞
0
ds
∫ ∏
s,i
dp0dx0
2pih¯
dp˜idxi
2pih¯
dPεdε
2pih¯
exp
{
i
h¯
I˜
}
,
(29)
after functional integration over momenta, we obtain the
product of δ-functions in the integral on the augmented
configuration space:
K˜ =
∫
∞
0
ds
∫ ∏
s,i
dxi√
2pih¯
dx0√
2pih¯
dPε√
2pih¯
δ
(
·
x0 − 2
√
Pε
)
×δ
(
·
P ε + 2e∂iϕ
·
xi
√
Pε
)
× exp
{
i
h¯
∫ s
0
ds
[
·
x
2
i + Pε +m
2 + eϕ
]}
. (30)
The propagator Eq. (30) serves as the basis for a new
dynamic interpretation of relativistic quantum mechan-
ics. For definiteness, we consider the scattering problem.
In the absence of an external electric field, the integrals
over all internal values of the coordinates x0 and Pε are
removed and the product of the δ-function remains
δ
(
x′0 − x0
s
− 2
√
Pε
)
δ
(
P ′ε − Pε
s
)
. (31)
Then, the integral over the proper time in Eq. (30) is
removed by the first δ-function. Thus, the physical pa-
rameter of time, as expected, is x0. In this asymptotic
region, according to the Hamiltonian constraint Eq. (27),
the wave equation has the form of the Schro¨dinger equa-
tion
ih¯2
√
Pε
∂ψ
∂x0
=
[−h¯2∆+ Pε +m2]ψ, (32)
in which the parameter x0 plays the role of the classical
time parameter. However, if we put Pε = E, it gives
the relativistic dispersion law E2 − p2i −m2 = 0 for a de
Broglie plane wave. In the interaction region, the inte-
grals over all internal values of the coordinates x0 and
Pε are also removed, but now we obtain the proper time
s in the form of the functional of the trajectory xi (s)
of the particle. Therefore, the integral over the proper
time in Eq. (30) should be located to the right of the
functional integral along the particle trajectory. We note
that the classical law of the change in the self-energy of
the particle Pε with time excludes the processes of an-
nihilation and production of particle-antiparticle pairs in
the approximation considered here. A consistent consid-
eration of these processes is possible only after secondary
quantization. In cosmology we want to avoid this.
IV. MODIFIED PROPAGATOR FOR
FRIEDMAN’S HOMOGENEOUS UNIVERSE
The dynamics of the Friedman universe is determined
by the action
I =
∫ 1
0
dτ
− a
2g
 ·a2
N
−N
+ 2pi2a3 1
2
 ·φ2k
N
− V (φ)
 ,
(33)
4where g = 2G/3pi, G is the Newtonian gravitational con-
stant and a is the radius of the universe. We consider the
set of scalar fields φk as matter and N is the ADM lapse
function [14]. As in the case of a relativistic particle, we
have here one Hamiltonian constraint and an additional
integration over the proper time in the path integral rep-
resenting the wave function of the universe [15]. In the
Euclidean form of quantum theory, this integral diverges
due to the uncertainty of the sign of the action. This
theory only makes sense in the semiclassical approxima-
tion. We will further search for the dynamic meaning of
this quantum theory in its modification. An infinitesimal
time shift,
δa = −
·
a
N
ε, (34)
leads to a modified action
I˜=
∫ 1
0
dτ
− 1
2g
a
·
a
2
N
(
1−
·
ε
N
)
+
a
2g
(
N +
·
ε
)
+pi2
(
a3 − 3a2 ·aε
) ·φ2k
N
− V (φ)N
 . (35)
Compared to a relativistic particle, the interaction of a
time-like dynamic variable a with matter is more complex
dynamics. For the energy of the space Pε from Eq. (35)
we obtain the equation of motion
·
P ε + 3pi
2a2
·
a
 ·φ2k
N2
− V (φ)
 = 0. (36)
We turn to the canonical form of the modified action.
We find the canonical momenta:
pa = −1
g
a
·
a
N
(
1−
·
ε
N
)
− 3pi2a2ε
 ·φ2k
N2
− V (φ)
 , (37)
pφk = 2pi
2
(
a3 − 3a2 ·aε
) ·φ
N
, (38)
Pε =
a
2g
 ·a2
N2
+ 1
 . (39)
The modified Hamiltonian constraint is now linear in mo-
mentum pa:
H˜=pa
√
2gPε
a
− 1 + a
2g
(√
2gPε
a
− 1− 1
)
+
1
2
[
p2φk
2pi2 (a3 − 3a2ζ) + 2pi
2
(
a3−3a2ζ) V (φ)] ,(40)
where
ζ =
·
aε = ε
√
2gPε
a
− 1. (41)
Here the difficulty arises: the infinitesimal time shift ε,
which serves as the canonical momentum, fells into the
denominator. It will become a problem after quantiza-
tion. We write, however, a modified propagator in the
form of a formal continual integral in the canonical form,
K˜ =
∫
∞
0
ds
∫ ∏
s
dpada
2pih¯
dεdPε
2pih¯
α∏
k=1
dpφkdφk
2pih¯
dλdζ
2pih¯
J
× exp
(
i
h¯
I˜
)
, (42)
where
I˜ =
∫ s
0
ds
[
pφk
·
φk + pa
·
a− ε
·
P ε + λ
(
ζ − ·aε
)
− H˜
]
.
(43)
Here, we took into account the relation Eq. (41), λ is
the corresponding Lagrange multiplier, and J will be the
“price” for the mentioned complication in the Hamilto-
nian constraint. Momentum integration gives:
K˜ =
∫
∞
0
ds
∫ ∏
s
dPεda
2pih¯
dpada
2pih¯
×
∏
k
dφk
(2pih¯)
α/2
[2pi2 (a3 − 3a2ζ)]α/2
×dλdζ
2pih¯
Jδ
(
·
a−
√
2gPε
a
− 1
)
δ
(
·
P ε + λ
·
a
)
× exp
(
− i
h¯
∫ s
0
dsλζ
)
× exp
{
− i
h¯
∫ s
0
ds
[
a
2g
(√
2gPε
a
− 1− 1
)]}
× exp
{
− i
h¯
∫ s
0
ds
[
pi2
(
a3 − 3a2ζ)
×
(
·
φ
2
k − V (φ)
)]}
. (44)
Thus, in order to get a reasonable expected result, you
should put
J =
[
2pi2
(
a3 − 3a2ζ)]α/2 . (45)
The integral over ζ is now taken and gives the δ-function
δ
(
λ− 3a2
(
·
φ
2
k − V (φ)
))
. (46)
5Then the integral over λ is taken. Finally, we obtain a
modified propagator containing two δ-functions:
K˜ =
∫
∞
0
ds
∫ ∏
s
dPεda
2pih¯
∏
k
dφk
(2pih¯)α/2
δ
(
·
a−
√
2gPε
a
− 1
)
×δ
(
·
P ε + 3a
2 ·a
(
·
φ
2
k − V (φ)
))
× exp
{
− i
h¯
∫ s
0
ds
[
a
2g
(√
2gPε
a
− 1− 1
)]}
× exp
{
− i
h¯
∫ s
0
ds
[
pi2a3
(
·
φ
2
k − V (φ)
)]}
. (47)
These δ-functions remove the integration over a, Pε in the
functional integral. The remaining two δ-functions, that
depend on the boundary values of the variables a, Pε in
the propagator (any of them), take the integral in proper
time and determine the physical time.
There are two possibilities for this. The most familiar
is the choice of the radius a as a parameter of time with
the beginning in the singularity a = 0. Now we need to
set the initial state of the universe near the singularity,
as well as the initial value of the energy of the space
Pε. The difficulty is that the Hamiltonian constraint (40)
and the corresponding Schro˜dinger equation in quantum
theory are connected by the parameter ζ to the dynamic
constraint Eq. (39). To unlock this connection, we will
make further approximations. Near the singularity, the
constraint Eq. (40) is simplified:
H˜ ∼=
√
2gPε
a
pa −
p2φk
12pi2a2ζ
. (48)
The parameter ζ can be found from the condition for the
extremum of the action Eq. (43),
ζ =
√
p2φk
2
√
3pia
√
λ
, (49)
and λ can be found from Eq. (46) as a function (func-
tional) of φk (s). However, if we continue to use the quasi-
classical approximation to calculate the path integral Eq.
(47), the arbitrary trajectory of the scalar fields φk (s) in
Eq. (46) should be replaced by the classical trajectory of
their motion (together with a and Pε). In the theory of
inflation [16], it is customary to consider this dynamics,
starting from the stage when the potential energy V (φ)
is maximum. However, we will move the time reference
closer to the singularity, assuming that inflation was pre-
ceded by a stage of rapid change of fields, so,
·
φ
2
k >> V (φ) . (50)
In this case,
ζ ∼=
√
p2φk
2pi
√
·
φ
2
k
, (51)
and the Schro˜dinger equation, corresponding in the quan-
tum communication theory Eq. (48), takes the form:
ih¯
∂ψ
∂σ
=
h¯
2pi
√
−∆φkψ, (52)
where under the root sign is the Laplace operator in the
configuration space of scalar fields, and
dσ =
√
dφ2k (53)
is an element of length in this space. Thus, the initial
state of the universe near a singularity is described by a
de Broglie plane wave in the configuration space of matter
fields with initial momenta pφk and energy
W = ||pφ|| =
√
p2φk . (54)
To find the energy of the space Pε near the singularity, we
simplify the consideration further by restricting ourselves
to a single scalar field φ. From the equation of motion of
this field (taking into account Eq. (50)),
··
φ+ 3
·
a
a
·
φ = 0, (55)
we find
·
φ =
Φ
a3
. (56)
After this, from Eq. (36) we obtain
Pε =
Φ2
a3
. (57)
Thus, at the beginning a = 0, we have a singularity:
the energy of space there is infinite. It with expansion
decreases according to Eq. (57). The energy of space
reaches its minimum value at the boundary of the infla-
tion stage when (
·
φ)2 = V (φ). What follows is an ex-
ponential increase in the energy of space at the inflation
stage. Starting from the indicated minimum value, the
energy of the space Pε can be considered as a physical
parameter of time [12].
V. CONCLUSIONS
The variant of covariant quantum theory proposed in
this paper and its subsequent modification with addi-
tional conditions on the dynamics of time-like degrees of
freedom allow us to solve the problem of time in it. On
the one hand, proper time is clearly added to the dy-
namic variables of the theory at the classical level. On
the other hand, in quantum theory, this time disappears
as a result of FS integration (the condition for the prop-
agator covariance). Its dynamic meaning is restored by
the conditions of the classical dynamics of time-like de-
grees of freedom. These conditions lead to the appear-
ance of an additional dynamic variable - self-energy, for
6which the classical law of its change at the classical and
quantum level is formulated. Thus, the modification is
focused here on time-like degrees of freedom of the sys-
tem (coordinate x0 of Minkowski space and radius a in
the mini-superspace of the Friedmann universe) and rep-
resents a variant of combining the principles of covariance
and quantization.
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